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Emergence of odd-frequency s-wave superconductivity is demonstrated in the two-channel Kondo
lattice by means of the dynamical mean-field theory combined with the continuous-time quantum
Monte Carlo method. Around half filling of the conduction bands, divergence of an odd-frequency
pairing susceptibility is found, which signals instability toward the superconductivity. The cor-
responding order parameter is equivalent to a staggered composite-pair amplitude with even fre-
quencies, which involves both localized spins and conduction electrons. A model wave function is
constructed for the composite order with use of symmetry operations such as charge conjugation
and channel rotations. Given a certain asymmetry of the conduction bands, another s-wave super-
conductivity is found that has a uniform order parameter. The Kondo effect in the presence of two
channels is essential for both types of unconventional superconductivity.
Unconventional superconductivity refers to such pair-
ing states that have non-trivial symmetry in spin and/or
space-time structures. Among those states, we address
the odd-frequency (OF) pairing state [1], which breaks
the gauge symmetry, but has a zero pairing amplitude at
equal time. Possible relevance of the OF pairing to real
materials was first pointed out by Berezinskii for 3He [1].
After the discovery of high-temperature superconductiv-
ity in cuprates, the OF pairing has aroused broad interest
[2–37] as one of candidate mechanisms for unconventional
superconductivity.
The OF pairing state can be viewed from a different
perspective; it has been recognized that the OF supercon-
ductivity is alternatively regarded as a composite pairing
state with even frequencies (EF) [3, 5]. From another
argument, it has also been suggested that OF supercon-
ductivity has a tendency to favor a spatial inhomogeneity
[7, 10], and that finite density of states remains at the
chemical potential [2, 7].
One of possible realizations of OF superconductivity is
proposed in the two-channel Kondo systems. Emery and
Kivelson have shown for the two-channel Kondo impurity
that the OF pairing susceptibility is enhanced at the im-
purity site [3]. They have further elaborated on a variant
of the two-channel Kondo lattice (TCKL) in one dimen-
sion [4], and have demonstrated the divergence of the OF
pairing susceptibility at zero temperature. For the TCKL
in higher dimensions, microscopic calculations have been
performed, however, without finding divergent suscep-
tibility [17]. Another calculation for the corresponding
Anderson lattice [22, 23] did find the divergent suscepti-
bility, which vanished as the system goes to the TCKL
limit. So far no microscopic theory has established the
OF pairing in the TCKL at finite temperature.
In this paper, we present highly accurate numerical
results for the pairing susceptibility in high dimensional
TCKL, and demonstrate that the TCKL realizes the s-
wave OF superconductivity with the staggered order pa-
rameter. We also derive the corresponding composite
order parameter and model wave functions for the com-
posite orders explicitly, using symmetry arguments such
as charge conjugation and channel rotations. It is further
shown, with a certain channel asymmetry, that another
s-wave superconductivity occurs with EF in the TCKL.
Our key strategy is to exploit the charge conjugation that
relates the diagonal long-range order to the off-diagonal
one.
The TCKL Hamiltonian [38] is given by H = H0+Hµ
with
H0 =
∑
kασ
εkc
†
kασckασ + J
∑
iα
Si · sciα, (1)
Hµ = −µ
∑
iασ
c†iασciασ . (2)
The operator ckασ (ciασ) annihilates the conduction elec-
tron with energy εk, channel α = 1, 2 and spin σ =↑, ↓
at wave vector k (site i). The spin for conduction elec-
trons sciα =
1
2
∑
σσ′ c
†
iασσσσ′ciασ′ couple with the local
spin Si antiferromagnetically (i.e. J > 0). The chem-
ical potential µ controls the total number of conduc-
tion electrons. Note that this model has double SU(2)
symmetries; SU(2)s for spin and SU(2)c for channel de-
grees of freedom. We assume the bipartite lattice with
εk+εk+Q = 0, where Q corresponds to a vector at edges
of the Brillouin zone. This assumption makes the model
invariant at half filling (µ = 0) under particle-hole trans-
formations, i.e., charge conjugation, as will be discussed
later.
Physically, the degree of freedom described by Si is
interpreted as orbital for the non-Kramers doublet sys-
tem with f2 configuration in Pr3+ and U4+ [39]. The
labels σ and α are then interpreted as orbital and real
spin, respectively. On the other hand, in Kramers sys-
tems as in Ce3+ with f1 configuration, Si is regarded as
a real spin of f electrons. The labels σ and α are then
regarded as real spin and orbital, respectively. The non-
Kramers doublet system has the channel (real spin) sym-
metry protected by the time-reversal symmetry, while in
2the Kramers doublet case the channel (orbital) symme-
try is only approximate. In the following, we call σ and
α simply as ‘spin’ and ‘channel’, respectively, unless oth-
erwise stated explicitly.
We use the dynamical mean-field theory (DMFT) [40,
41] for analysis of the TCKL, and the continuous-time
quantum Monte Carlo method [42, 43] for the numerical
impurity solver. We take the semi-circular density of
states ρ(ε) = (2/π)
√
1− (ε/D)2 with D = 1 being the
unit of energy. We have confirmed that the behaviors are
qualitatively the same if we take the Gaussian density of
state for example.
We begin with the pairing susceptibilities in the
TCKL. Following the literature [17, 22] we use for each
pairing type the labels C and S indicating ‘channel’ and
‘spin’, and s and t indicating ‘singlet’ and ‘triplet’. We in-
troduce the following operators dependent on imaginary
time to describe possible pairings:
OCsSsi (τ, τ
′) =
∑
αα′σσ′
ciασ(τ)ǫαα′ǫσσ′ciα′σ′(τ
′), (3)
OCsSti (τ, τ
′) =
∑
αα′σ
ciασ(τ)ǫαα′ciα′σ(τ
′), (4)
OCtSsi (τ, τ
′) =
∑
ασσ′
ciασ(τ)ǫσσ′ciασ′(τ
′), (5)
OCtSti (τ, τ
′) =
∑
ασ
ciασ(τ)ciασ(τ
′), (6)
where ǫ ≡ iσy is the antisymmetric unit tensor,
and A(τ) = eτHAe−τH. Note that OCsSsi (τ, τ) =
OCtSti (τ, τ) = 0 due to the Pauli principle, meaning that
these cannot form the equal-time pairings.
In order to calculate susceptibilities, we introduce
the two-particle Green function by χℓij(τ1, τ2, τ3, τ4) =
〈TτOℓi (−τ2,−τ1)†Oℓj(τ3, τ4)〉 where Tτ is the time-
ordering operator, and ℓ represents one of the labels in
Eqs. (3–6). The Fourier transform is defined by
χℓq(iεn, iεn′) =
1
Nβ2
∑
ij
∫ β
0
dτ1 · · · dτ4 χℓij(τ1, τ2, τ3, τ4)
× e−iq·(Ri−Rj)eiεn(τ2−τ1)eiεn′(τ4−τ3), (7)
with εn = (2n+1)πT . Using this quantity, we define the
EF and OF pairing susceptibilities χℓq with ℓ→ ℓEF, ℓOF
by
χℓEFq =
1
β
∑
nn′
χℓEFq (iεn, iεn′), (8)
χℓOFq =
1
β
∑
nn′
gngn′χ
ℓOF
q (iεn, iεn′), (9)
where ℓEF denotes CsSt or CtSs, while ℓOF denotes CsSs
or CtSt. The form factor is defined by gn = sgn εn [17,
23, 25]. Namely we extract the EF part for CsSt and
CtSs, and the OF part for CsSs and CtSt. Equation (8)
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FIG. 1: (Color online) (a) Inverse susceptibilities for EF
and OF pairings with uniform (F) or staggered (AF) order.
(b) Phase diagram of the TCKL in the plane of filling (nc)
and temperature (T ) at J = 0.8. The dotted lines with blank
symbols show referential instability points where another sus-
ceptibility has already diverged at higher temperature.
is the usual susceptibility and must be positive [44]. On
the other hand, the OF susceptibility given by Eq. (9) is
no longer positive definite due to the presence of gn, but
still signals the instability toward the pairing state by its
divergence [33]. The critical temperature thus obtained
is insensitive to the choice of the form factor provided gn
is odd against εn.
Figure 1(a) shows the temperature dependence of χℓq
at J = 0.8 and nc = 1.5 with nc being the average num-
ber of conduction electrons per site. Here we consider
the two ordering vectors q = 0 and q = Q, which we
call ferro (F) and antiferro (AF), respectively. Among
the eight susceptibilities, only the one with AF-CsSs di-
verges at Tsc ≃ 0.024 from the negative side, signaling
the onset of the OF superconductivity with the order-
ing vector Q. We have confirmed that similar behaviors
are obtained when we take the other parameters such as
J = 0.6 and J = 1.0. Since the normal state of the TCKL
is a non-Fermi liquid state as seen in the electrical resis-
tivity [38], the present system becomes superconducting
directly from the non-Fermi liquid.
Together with the diagonal orders that have been ob-
3tained in our previous study [45], the phase diagram of
the TCKL is completed as shown in Fig. 1(b). Here the
diagonal orders are characterized by the vector operators
S(q) =
∑
i
Sie
−iq·Ri, (10)
τc(q) =
∑
iαα′σ
c†iασσαα′ciα′σe
−iq·Ri , (11)
Ψ(q) =
∑
iαα′σσ′
c†iασσαα′(Si · σσσ′ )ciα′σ′e−iq·Ri , (12)
which describe spin (S), channel (τc), and composite (Ψ)
orders, respectively.
The transition temperature to the superconducting
AF-CsSs order is lower than the AF spin order at nc = 2
(half filling) as shown in Fig. 1(b). As nc decreases, how-
ever, the AF-CsSs dominates the AF spin order. Since
the AF-CsSs order can be best visualized at half filling,
we consider the AF-CsSs state mainly at half filling by
neglecting the AF spin order.
We derive the composite order parameter correspond-
ing to the (odd-frequency) AF-CsSs phase by combining
the particle-hole and channel-rotation symmetries. At
half filling, the transition temperatures for the AF-CsSs
and F channel [Ψ(0)] orders are the same within the nu-
merical accuracy as seen in Fig. 1(b), which indicates a
degeneracy between these two orders. In fact, these two
orders are obtained from each other by symmetry opera-
tions at half filling. To demonstrate this, we introduce a
particle-hole transformation P2 that acts only on chan-
nel α = 2 as
P2ci2σP
−1
2 =
∑
σ′
ǫσσ′c
†
i2σ′e
iQ·Ri . (13)
On the other hand, ci1σ and Si are not affected by P2.
The half-filled Hamiltonian H0 and composite quantity
Ψz(0) for the F-channel order are invariant under this
transformation. Here the phase factor in Eq.(13) is nec-
essary to make the kinetic energy invariant under P2.
By contrast, the transverse components Ψ±(0) =
Ψx(0) ± iΨy(0) in Eq.(12) are affected by P2. The ex-
plicit form of Φ(Q)† ≡ P2Ψ+(0)P−12 is given by
Φ(Q)† =
∑
iαα′σσ′
c†iασǫαα′ [Si · (σǫ)σσ′ ]c†iα′σ′eiQ·Ri . (14)
This composite quantity gives the EF order parameter
corresponding to the AF-CsSs phase. Thus the AF-CsSs
and F-channel orders are exactly degenerate at half fill-
ing. This is also interpreted as a reflection of the SO(5)
symmetry at µ = 0 [46, 47]. The degeneracy is lifted by
the chemical potential as shown in Fig. 1(b).
Another form of the order parameter can be con-
structed that involves conduction electrons only. The
simplest derivation is to start again from the F-channel
order, and apply P2. In the F-channel phase with Ψ
z(0),
channel-symmetrybreaking
gauge-symmetrybreaking
α = 1
α = 2
Non-FermiLiquid
Fermi Liquid
itinerant part from
α = 1 channel
Bogoliubov
quasi-particles
FIG. 2: Local configuration of electrons for disordered non-
Fermi liquid state (left), and diagonally (Ψz) or off-diagonally
(Φ) ordered state (right). The ordered states are described
by Eqs. (17) and (19).
the conduction electrons with α = 1 are nearly free,
while the ones with α = 2 form the Kondo insulator at
half filling [33]. Hence the difference
∑
kσ εk〈c†k1σck1σ −
c†k2σck2σ〉 of the kinetic energies between channels arises,
which can be regarded as a secondary order parameter
[45, 48]. We write the quantity in the SU(2)c symmetric
form as
ψc(0) =
∑
kαα′σ
εkc
†
kασσαα′ckα′σ. (15)
Performing the particle-hole transformation, we obtain
φc(Q)
† ≡ P2ψ+c (0)P−12 as
φc(Q)
† =
∑
kαα′σσ′
εkc
†
kασǫαα′ǫσσ′c
†
−k−Q,α′σ′ . (16)
Note that this expression is similar to the so-called η
pairing [49]. However, a difference lies in the form fac-
tor εk present in Eq. (16). Direct calculation shows
that Φ(Q) and φc(Q) are related to the time-derivative
∂OCsSsi (τ, 0)/∂τ |τ=0 of the OF order given by Eq. (3).
If one would investigate the instability toward supercon-
ductivity using the EF susceptibility for Φ(Q) or φc(Q),
explicit calculation of the correlation function would be
much more tedious. Hence the OF susceptibility defined
in Eq. (9) provides a convenient tool serving for the same
purpose.
Let us proceed to construct wave functions for the or-
dered phases. A simple form, though crude, should be
useful to visualize a composite order. Starting from the
F-channel state at half filling, we obtain a superconduct-
ing state by symmetry operations on the wave function.
According to Ref. [33], the F channel state described by
Ψz(0) = 2
∑
i Si · (sci1 − sci2) consists of itinerant elec-
trons for α = 1 and the Kondo singlets for α = 2. We
introduce a simplified wave function describing this F
channel state as
|Ψz(0)〉 =
∏
k∈HBZ,σ
c†k1σ
∏
i
|KS〉i2, (17)
4where ‘HBZ’ means a half Brillouin zone. The α = 1 part
labeled by k represents free conduction electrons at half
filling. The local Kondo singlet state with channel α is
written as by |KS〉iα = (c†iα↑| ↓〉i−c†iα↓| ↑〉i)/
√
2 with |σ〉i
being the localized-spin state at site i. The local picture
of Eq. (17) is illustrated in the upper-right part of Fig. 2.
To obtain the off-diagonal order, we combine P2 with
a channel mixing unitary transformation R defined by
Rci1(2)σR
−1 = [ci1σ + (−)ci2σ] /
√
2, (18)
which rotates from z to x axis in channel space. In view
of P2RH0(P2R)−1 = H0 and P2RΨz(0)(P2R)−1 =
1
2 [Φ(Q) + Φ(Q)
†], it is reasonable to postulate a model
wave function |Φ(Q)〉 ≡ P2R|Ψz(0)〉 for the AF-CsSs
state as
|Φ(Q)〉 =
∏
k∈HBZ,σ
1√
2
(
c†k1σ +
∑
σ′
ǫσσ′c−k−Q,2σ′
)
×
∏
i
1√
2
(
c†i2↑c
†
i2↓|KS〉i1 + eiQ·Ri |KS〉i2
)
. (19)
Note that P2 transforms the vacant state into the states
occupied doubly by electrons with channel α = 2 at each
site. As seen in the second line of Eq. (19), the states with
one and three local conduction electrons per site are su-
perposed, indicating the broken gauge symmetry. As is
clear from this expression, both channels α = 1, 2 partici-
pate to make the local spin-singlet state. The lower-right
part of Fig. 2 illustrates this local state. The first line
of Eq. (19) includes the Bogoliubov quasi-particles com-
posed of particle at k and hole at −k − Q, which in
general have a finite density of states at the Fermi level.
We now consider the region around nc = 1 in Fig.1(b)
where the AF-channel order τc(Q) is dominant. By the
particle-hole transformation P2, we can relate the elec-
tronic state at nc = 1 to the half-filled case under asym-
metric channel potential. We introduce the new Hamil-
tonian
H˜ ≡ P2HP−12 = H0 − µ τzc (0). (20)
Starting from nc = 1 for H, we end up in H˜ with 1/2
electron per site for α = 1, while 3/2 electrons for α = 2.
Then we obtain the sum n˜c = 2. Namely the hole-doped
TCKL described by H is transformed into the TCKL at
half filling under the channel field. Physically, H˜ sim-
ulates such systems that have two conduction electrons
per site but with inequivalent conduction bands. This
situation may arise in a Kondo lattice with Kramers de-
generacy, since the channels in this case correspond to
spatial orbitals that have no degeneracy in general.
On the other hand, the AF-channel order at nc = 1
are transformed as
P2τ
z
c (Q)P
−1
2 =
∑
iασ
c†iασciασe
iQ·Ri , (21)
P2τ
+
c (Q)P
−1
2 =
∑
iασσ′
c†iασǫσσ′c
†
iασ′ ≡ pc(0)†. (22)
Namely, the AF-channel order in H corresponds to the
charge density wave given by Eq. (21), as well as the s-
wave superconductivity pc(0) given by Eq. (22) in the
new Hamiltonian H˜. These two orders are degenerate
at n˜c = 2 by symmetry. We have numerically confirmed
that this degeneracy is lifted with n˜c 6= 2, and the s-
wave superconductivity pc(0) is more stable. This s-wave
pairing can be understood from the strong coupling limit,
following interpretation of the AF channel order in H
[39, 50]. Then, the local image of the pc(0) state is given
by the lower-right panel of Fig. 2 without the Bogoliubov
quasi-particle part. In contrast to the AF-CsSs state, the
superconductivity with pc(0) has a full gap in the density
of states.
In a similar manner, we can show that the off-diagonal
AF-CsSs order inH is transformed into the diagonal com-
posite order Ψ±(0) in H˜. The spin order S(q) remains
the same after the transformation. Thus the phase dia-
gram for H˜ is obtained without further calculation if we
replace nc by 〈τzc (0)〉 in Fig. 1(b).
Finally let us briefly discuss possible relevance of our
results to real physical systems. The primary candi-
date for the non-Kramers doublet system with the order
Φ(Q) is UBe13, which has first been proposed as the two-
channel Kondo system by Cox [52]. The superconductiv-
ity in UBe13 appears directly from the non-Fermi liquid
state [51], which is consistent with what we have found
in the TCKL. For Kramers-doublet systems, on the other
hand, a channel (orbital) asymmetry is inevitable. Then
the modified Hamiltonian H˜ seems relevant to describe
the two-orbital Kondo lattice. Recent specific-heat mea-
surement in CeCu2Si2 [53] has reported a full-gap super-
conductivity reminiscent of multiband superconductivity.
Hence we suggest possible relevance of the pc(0) state to
CeCu2Si2.
In conclusion, taking the TCKL, we have demon-
strated instability of the non-Fermi liquid state toward
the OF s-wave superconductivity with finite center-of-
mass momentum, and with channel-singlet and spin-
singlet pairing. The OF pairing state is alternatively
characterized by an EF composite order. We have fur-
ther derived another EF s-wave superconductivity with
the uniform order parameter by considering asymmetry
in the channels. Further studies inside the superconduct-
ing phases will provide a better understanding of the un-
conventional superconductivity.
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